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It is well known that nonrelativistic quantum mechanics presents a clear asymmetry between
space and time. Much of this asymmetry is attributed to the lack of Lorentz invariance of the
theory. Nonetheless, a recent work [Phys. Rev. A 95, 032133 (2017)] showed that even though this
is partially true, there is a broader physical scenario in which space and time can be handled in
nonrelativistic quantum theory in a more symmetric way. In this space-time-symmetric formalism,
an additional Hilbert space is defined so that time is raised to the status of operator and position
becomes a parameter. As a consequence, the Hilbert space now requires a space-conditional quantum
state governed by a new quantum dynamics. In this manuscript, we reveal some physical and
mathematical properties of the space-time-symmetric formalism such as: symmetries between the
Hamilton-Jacobi and the space-conditional equation; the general solution for a time-independent
potential; and a new Lagrangian for a spinless particle in one dimensional. Finally, we present the
space-conditional equation for a particle under the effect of an electromagnetic field, and the gauge
invariance of this equation is proved.
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2I. INTRODUCTION
The debate about time measurements in quantum mechanics (QM) consists of appealing and controversial issues.
One of the main reasons is that time is simply a parameter in traditional QM, whereas the position, for instance,
is an operator so that its theoretical predictions are fundamentally probabilistic. In this context, one can interpret
|ψ(x, t)|2 as the probability density of finding the particle at the position x given that the measurement takes place at
the instant t. Therefore, besides the fact that time is a parameter, we also verify its conditional character in Schro¨dinger
state |ψ(t)〉. This space-time asymmetric behaviour entails several difficulties in defining a time operator Tˆ within
the sphere of conventional QM. Nonetheless, numerous approaches to address this problem have been proposed in
different contexts [1–25]. However, the vast majority of these models had to abdicate either the time-energy canonical
relation, [Tˆ , Hˆ] = −i~, or the hermiticity of the time operator. In this scenario, for instance, the problem to calculate
a probability distribution for the time that a particle takes to arrive at a spatially localized apparatus is considered
by several authors to lay outside the scope of QM. Many other studies have faced similar difficulties, including the
tunneling time problem [22, 23] and lifetime of metastable systems.
In this puzzling context, the recent works of Ref. [24, 25] suggest a very different way to address the problem of
time in QM. The authors elaborate a space-time-symmetric (STS) formalism where one of the goals is to formulate
a time operator in an additional Hilbert space so that both hermiticity and the canonical relation with an energy
observable are valid. The STS formalism defines an enlarged Hilbert space H = HX ⊗ HT for describing a spinless
particle in one dimensional, with HX being the Hilbert space of traditional QM, and HT being a new vector space in
which the time operator can be safely defined. In addition, Ref. [25] defines a space-conditional (SC) quantum state
|φ(x)〉 belonging to HT that contains new information not present in the Schro¨dinger state |ψ(t)〉. Finally, Ref. [25]
proposes a SC equation of motion that describes how |φ(x)〉 evolves in space. Recently, the SC formalism has shown
to be a promising approach to tackle the tunneling time problem, as can be verified in Ref. [26].
The initial motivation of Ref. [25] to formulate the STS formalism is to be able to deal with more general exper-
imental situations where the statistical data is described by a probability distribution P (x, t) of finding the particle
in a given region of space [x, x + dx] and in a certain interval of time [t, t + dt]. According to Bayes rule, the joint
probability distribution P (x, t) is equal to the probability density of finding the particle at the position x given that
the measurement occurs precisely at t, |ψ(x, t)|2, times the probability density of the system being measured at the
instant t, f(t), whatever the outcome. In this broader scenario, we have
P (x, t)dxdt = |ψ(x|t)|2f(t) dxdt. (1)
From now on, due to the time conditional character of the Schro¨dinger wave function, we use the more appropriate
notation ψ(x|t). It is important to understand that the function f(t) cannot be obtained exclusively through the
Scho¨dinger state |ψ(t)〉. The distributions f(t) and P (x, t) correspond to new probability densities that are essential
to describe statistical data in which position and time are measured simultaneously. Finally, due to the symmetry of
Bayes rule, P (x, t) can be written as
P (x, t)dxdt = |φ(t|x)|2g(x) dxdt. (2)
In Eq. (2) note that x and t play opposite roles in comparison with x and t in Eq. (1), which includes the Schro¨dinger
state ψ(x|t). Here t must be seen as the eigenvalue of a temporal hermitian observable that will be defined later, and
x is a continuous parameter that we can choose with arbitrary precision in order to evaluate the time dependence
of φ(t|x). In these circumstances, |φ(t|x)|2dt represents the probability of finding the particle in the time interval
[t, t+dt] given that the measurement takes place at the position x, and g(x) is the probability distribution of position
measurements irrespective of the time at which they happen. Notice that in this broader picture, these new probability
distributions are outside the scope of traditional QM.
In this new framework, the parameter t becomes the eigenvalue of the operator Tˆ that represents the time at which
the system is observed. Therefore, one can observe the symmetry between Xˆ |x〉 = x|x〉 in Scho¨dinger QM and Tˆ |t〉 =
t|t〉 in the SC formalism. The SC wave function φ(t|x) is obtained similarly to traditional QM [〈x|ψ(t)〉 = ψ(x|t)]
by the calculation 〈t|φ(x)〉 = φ(t|x). With these facts in mind, one can verify that temporal predictions should be
made by states belonging to HT instead of HX . In this regard, the SC equation has to be solved, and as we will see
in the next sections, it is quite difficult to deal with it since this equation encompasses the square root of operators.
However, for time-independent potentials, which include a wide range of physical situations, we will show that this
problem can be overcome in a simple manner.
In this manuscript, we further develop the STS formalism by focusing on the new wave function φ(t|x) as follows:
in Sec. II A we reveal physical symmetries between the Hamilton-Jacobi equation, the space-conditional QM, and
Schro¨dinger QM. Then, in Sec II B a brief summary of the results elaborated in Ref. [25] is presented. In Sec II C the
Lagrangian for the SC equation is obtained, and in Sec. II D we solve φ(t|x) for a general time-independent potential
3V (x). Finally, in Sec. II E we present the SC equation for a particle subjected to an electromagnetic field, and then
the gauge invariance of the STS formalism is proved.
II. MATHEMATICAL AND PHYSICAL PROPERTIES OF THE SPACE-CONDITIONAL EQUATION
A. Symmetries between quantum and classical physics
The action S is a quantity of utmost importance in physics. It plays a major role, not only in classical mechanics,
but also in theoretical physics in general. In this section, differently from the approach of Ref. [25], we derive the STS
formalism by using the action as the starting point. More specifically, we show that the Hamilton-Jacobi equation,
together with Scho¨dinger QM, will provide symmetry arguments in order to formulate the SC equation naturally.
First, recall that in classical mechanics the Hamilton-Jacobi equation reads
H (x, p; t) = −∂S
∂t
(x, p; t) and p =
∂S
∂x
(x, p; t) . (3)
Here, we use the notation with t on the right side of the parentheses to indicate that it is just a parameter, in contrast
to x, which is a function to be calculated. In order to obtain traditional QM from the Hamilton-Jacobi equation,
let us follow a similar approach to the one used by Schro¨dinger in Ref. [27]. Suppose that the action is the phase
of some physical process described by a wave function ψ = eiS/~. By isolating S in this relation, S = −i~ lnψ, and
substituting it back into the Hamilton-Jacobi equation, we have
H (x, p; t)ψ = i~
∂ψ
∂t
and p ψ = −i~∂ψ
∂x
. (4)
By inspecting the expression on the right of Eq. (4), we automatically identify the momentum p as the operator
pˆ = −ihd/dx, and the Hamiltonian as the operator Hˆ = Hˆ(x, pˆ; t). Note that this kind of quantization keeps t as a
parameter, and transforms the Hamilton-Jacobi equation into the Schro¨dinger equation
Hˆ(x, pˆ; t) ψ(x, t) = i~
∂ψ
∂t
(x, t) and pˆ ψ(x, t) = −i~∂ψ
∂x
(x, t). (5)
This context is extremely unfavorable to define any kind of time operator since time is considered as a parameter
from the beginning of the physical description. As a result, the following idea arises naturally: if we switch the roles
of space and time in the Hamilton-Jacobi equation, that is, if space becomes a parameter and time a function to
be calculated, would it be possible to formulate a quantum theory where a time operator is a natural result? To
answer this question, first, for the sake of convenience, let us define h ≡ H , and write p in terms of h and x so that
p = P (t, h;x) = ±[2m(h− V (x))]1/2. Under these circumstances, we have
h = −∂S
∂t
(t, h;x) and P (t, h;x) =
∂S
∂x
(t, h;x) . (6)
Similarly to the previous calculation, by supposing that the action S is the phase of a physical process so that
φ = eiS/~, we have
h φ = i~
∂φ
∂t
and P (t, h;x)φ = −i~∂φ
∂x
. (7)
It is worth to notice the symmetry between Eqs. (4) and (7). Now, in contrast to the procedure to obtain the
Schro¨dinger equation, we identify h as the operator hˆ = ihd/dt, and the momentum Pˆ = Pˆ (x, h; t) as the operator
responsible for the space evolution of wave function φ(t, x). Therefore, by writing in a more appropriate notation, we
have
hˆ φ(t, x) = i~
∂φ
∂t
(t, x) and Pˆ (tˆ, hˆ;x) φ(t, x) = −i~∂φ
∂x
(t, x), (8)
which is exactly the space-conditional equation for φ(t|x) derived in Ref. [25]. Note that now the dynamic equation
involves a space derivative instead of the time derivative observed in the Schro¨dinger equation. This opposite behaviour
induces us to treat x as a dynamic variable and t as a parameter.
In this new quantum formalism, a time operator Tˆ such that Tˆ |t〉 = t|t〉, and a new state |φ(x)〉, such that
φ(t|x) = 〈t|φ(x)〉, are defined. Finally, it is interesting to notice that, even tough this two formalism describe different
4physical situations, the fact that both results (5) and (8) emerge from the Hamilton-Jacobi equation means that, in
the classical limit, there is no difference in treating either x or t as a parameter. After all, this result is expected since
the conditional character of time or position is irrelevant in classical physics.
Before moving on to the next section, one may notice that we can go from (5) to (8), or vice-versa, via the
transformation (x, P )⇔ (t,−H). This is an important relation that will be recurrent throughout this work.
B. Summary of the space-time-symmetry formalism
In this section, we present a summary of the STS formalism as it was formulated in Ref. [25]. First, let us state that
a complete description of a non-relativistic quantum particle requires an enlarged Hilbert space HX ⊗ HT . Recall
that HX consists of the Hilbert space of the usual QM, whereas HT is an extension of the vector space of QM where
the roles of space and time are switched. Here, the notation of the standard observables of the traditional QM, which
act in HX , are denoted by: Xˆ (position operator), pˆ (momentum operator) and Hˆ(Xˆ, pˆ; t) (Hamiltonian operator).
To each of these observables, there is an analogous operator acting in the “mirror” space HT . These operators are:
the time operator Tˆ (mirror of Xˆ), Hamiltonian hˆ (mirror of pˆ), and momentum Pˆ (Tˆ , pˆ;x) (mirror of Hˆ). In this
context, it is natural to call hˆ the energy operator, and Pˆ the “Pamiltonian” operator.
In QM whose states belong to the Hilbert Space HX , time is a parameter, whereas the position is an operator so
that Xˆ |x〉 = x |x〉. Additionally, this operator is required to satisfy the canonical commutation relation [Xˆ, pˆ] = i~.
All the physical information in this space is contained in the state ket |ψ(t)〉, which obeys the Schro¨dinger equation
Hˆ |ψ(t)〉 = i~ d
dt
|ψ(t)〉 . (9)
The Hamiltonian operator Hˆ can be obtained from the classical Hamiltonian of the system via the usual quantization
rule
H(x, p; t) =
p2
2m
+ V (x, t) ⇒ Hˆ(Xˆ, pˆ; t) = pˆ
2
2m
+ V (Xˆ, t). (10)
By substituting the explicit form of the Hamiltonian operator into (10), we have[
pˆ2
2m
+ V (Xˆ, t)
]
|ψ(t)〉 = i~ d
dt
|ψ(t)〉 , (11)
Here, the momentum operator is defined as 〈x|pˆ|ψ(t)〉 = −i~∂xψ(x|t) so that in the position representation Eq. 11
reads [
− ~
2
2m
∂2
∂x2
+ V (x, t)
]
ψ(x|t) = i~∂ψ
∂t
(x|t) (12)
Finally, the probability density is
ρ(x|t) dx = ψ∗(x|t)ψ(x|t) dx . (13)
Eq. (13) represents the probability of a position measurement having an outcome in the interval [x, x+dx], given that
the measurement occurred at the time t. The interpretation of this time conditional probability density is the main
difference between traditional QM and space-conditional QM. In this context, ρ(x|t) describes experimental outcomes
when the position statistical data are evaluated for a fixed instant of time.
On the other hand, in QM described in the Hilbert space HT , position plays the role of parameter, and time
behaves as an operator. Moreover, analogous to [Xˆ, pˆ] = i~, the time operator Tˆ satisfies the canonical commutation
relation [Tˆ , hˆ] = −i~. Now, the physical information in this space is contained in the new ket |φ(x)〉, which obeys the
SC equation
Pˆ |φ(x)〉 = −i~ d
dx
|φ(x)〉 . (14)
The Pamiltonian operator Pˆ can be obtained from the classical momentum of the system via the new quantization
rule,
p(t,H ;x) = ±
√
2m
[
H − V (x, t)] ⇒ Pˆ (Tˆ , hˆ;x) = σˆz
√
2m
[
hˆ− V (x, Tˆ )
]
. (15)
5By the substitution of the Pamiltonian operator (15) back into (14), we obtain
σˆz
√
2m
[
hˆ− V (x, Tˆ )
]
|φ(x)〉 = −i~ d
dx
|φ(x)〉 . (16)
Here the Hamiltonian operator hˆ is defined as 〈t|hˆ|φ(x)〉 = i~∂tφ(t|x). In these circumstances, Eq. (16) in the time
representation |t〉 reads
σˆz
√
2m
(
i~
∂
∂t
− V (x, t)
)
φ(t|x) = −i~∂φ
∂x
(t|x), (17)
where φ(t|x) is a two-component vector
φ(t|x) =
(
φ+(t|x)
φ−(t|x)
)
. (18)
In this way, the probability density is given by
ρ(t|x) = φ†(t|x)φ(t|x). (19)
Here, the symbol † is the conjugate transpose operator. Notice that the important difference between ρφ and ρψ: now,
ρφ(t|x) dt represents the probability of measuring the particle in the time interval [t, t+dt], given that the measurement
occurred at the position x. Moreover, it is important to note the similarities between all the equations of Schro¨dinger
QM (9)-(13) and the equations of space-conditional QM (14)-(19).
C. Lagrangian of the space-conditional equation
It is well known that the Schro¨dinger equation can be deduced from the Lagrangian
Lψ(ψ, ψ∗, ∂2xψ, ∂tψ;x, t) = ψ∗(x|t)
[
Hˆ − i~ ∂
∂t
]
ψ(x|t)
= ψ∗(x|t)
[
~
2
2m
∂2
∂x2
− V (x, t) + i~ ∂
∂t
]
ψ(x|t) (20)
By symmetry, we expect that the Lagrangian for the SC wave function φ(t|x) should be obtained via the transformation
(t,H)⇒ (x,−P )
Lφ(φ, φ†, ∂xφ, ∂1/2t φ;x, t) = φ†(t|x)
[
Pˆ + i~
∂
∂x
]
φ(t|x)
= φ†(t|x)
[
σˆz
√
2m
(
i~
∂
∂t
− V (x)
)
+ i~
∂
∂x
]
φ(t|x). (21)
In fact, below we show that Eq. (21) is the Lagragian for φ(t|x) for time-independent potential situations. The general
case involves the square root of a time derivative and until now, we have not found out the Lagrangean for this broader
scenario. To verify the validity of Eq. (21) for the time-independent case, let us write φ(t|x) = e−iεt/~φε(x), where ε
is the eigenvalue of the hamiltonian operator, hˆ |ε〉 = ε |ε〉. By substituting this expression into Lφ, we have
Lφ(φ, φ†, ∂xφ;x) = φ†(t|x)
[
σˆz
√
2m
[
ε− V (x)] + i~ ∂
∂x
]
φ(t|x). (22)
Now, by applying the Euler-Lagrange equation to the field φ(t|x),
∂
∂x
(
∂Lφ
∂(∂φ∂x )
)
− ∂Lφ
∂φ
= 0, (23)
we obtain
i~
∂φ†
∂x
(t|x)− φ†(t|x)σˆz
√
2m
[
ε− V (x)] = 0. (24)
6By taking the complex conjugate of this equation,
− i~∂φ
∂x
(t|x) = σˆz
√
2m
[
ε− V (x)]φ(t|x), (25)
which is the SC equation (17) for a time-independent potential.
D. General solution of φ(t|x) for time-independent potentials
As we discussed in last section, for time-independent potentials, the SC equation does not contain a square root of
operators so that it is much easier to solve it. By using φ(t|x) = e−iεt/~φε(x), Eq. (25) becomes
σˆz
√
2m
[
ε− V (x)]φε(x) = −i~ d
dx
φε(x). (26)
This first order differential equation has a very simple solution given by
φε(x) =
1√
2pi~
e
(i/~)σˆz
∫ √
2m
[
ε−V (x′)
]
dx′
. (27)
Therefore, the general solution can be written as
φ(t|x) = 1√
2pi~
∫ ∞
−∞
e
(i/~)σˆz
∫ √
2m
[
ε−V (x′)
]
dx′−iεt/~
Cε dε , (28)
We point out that Cε is a vector of two components.
It is important to address the interesting similarity between Eq. (28), which is valid for potentials such as V = V (x),
and the solution of Scho¨ridinger equation for potentials that depend exclusively on time V (x, t) = V (t), which is given
by
ψ(x|t) = 1√
2pi~
∫ ∞
−∞
e
−(i/~)
∫
H(p;t′)dt′+ipx/~
Ap dp . (29)
Note the Hamiltonian generating the time evolution of ψ(x|t) in Eq (29), whereas the Pamiltonian performing the
space evolution of φ(t|x) in Eq. (28). Here again we observe that one can readily go from one solution to the other
via the transformation (t,H)⇒ (x,−P ). This symmetry can become even more apparent if we identify the classical
action S in each case,
φ(t|x) = 1√
2pi~
∫ ∞
−∞
dε e−(i/~)S(ε,x)Cε, V (x, t) = V (x). (30)
ψ(x|t) = 1√
2pi~
∫ ∞
−∞
dp e−(i/~)S(p;t)Ap, V (x, t) = V (t), (31)
E. The space-conditional equation under the influence of an electromagnetic field and the gauge invariance
One important symmetry that is required in any quantum formalism, in our case an extension of the Schro¨dinger
description of QM, that takes into account electromagnetic forces must be the gauge invariance. This means that
regardless of the gauge choice for the electromagnetic potentials, the probability density and the SC equation must
remain unchanged. In this section we verify the gauge invariance of the STS formalism, which gives more support to
the validity of the theory. The Hamiltonian in the presence of an electromagnetic field is given by
H =
1
2m
(
p− q
c
A(x, t)
)2
+ qΦ(x, t). (32)
In order to construct the Pamiltonian let us isolate the kinematic momentum in Eq. (32),
p = ±
√
2m
[
H − qΦ(x, t)] + q
c
A(x, t). (33)
7By using the quantisation rule of Eq.(15),
Pˆ (Tˆ , hˆ) = σˆz
√
2m
[
hˆ− qΦˆ(x, Tˆ )
]
+
q
c
Aˆ(x, Tˆ ). (34)
By the substitution of the Pamiltonian (34) in the SC equation (17), we have[
σˆz
√
2m
[
hˆ− qΦˆ(x, Tˆ )
]
+
q
c
Aˆ(x, Tˆ )
]
|φ(x)〉 = −i~ d
dx
|φ(x)〉 , (35)
and, in the time representation |t〉, this equation becomes
[
σˆz
√
2m
(
i~
∂
∂t
− qΦ(x, t)
)
+
q
c
A(x, t)
]
φ(t|x) = −i~ ∂
∂x
φ(x|t). (36)
The gauge transformation for the potentials Φ(x, t) and A(x, t) is given by
Φ′(x, t) = Φ− 1
c
∂F
∂t
, A′(x, t) = A(x, t) +
∂F
∂x
. (37)
In our current case, the SC formalism will be gauge invariant if the transformed SC equation[
σˆz
√
2m
(
i~
∂
∂t
− qΦ′(x, t)
)
+
q
c
A′(x, t)
]
φ′(t|x) = −i~ ∂
∂x
φ′(t|x) (38)
results in the original SC equation (36) when the new wave function φ′(t|x) is related to the original one φ(t|x) via a
unitary transformation Uˆ , i.e. φ′(t|x) = Uˆφ(t|x). In these circumstances,
ρ′(t|x) = φ′†(t|x)φ′(t|x) = φ†(t|x)φ(t|x) = ρ(t|x), (39)
that is, the probability density is independent of the gauge choice. To prove this statement, first, for convenience let
us make the most simple choice for the unitary transformation given by Uˆ = exp{iqF (x, t)/(~c)}. By substituting
φ′(x, t) by e
iq
~c
F (x,t)φ(x, t) in Eq. (38), we have
σˆz
√
2m
(
i~
∂
∂t
− qΦ′(x, t)
)
e
iq
~c
F (x,t)φ(t|x)+ q
c
(
A′(x, t)− ∂
∂x
F (x, t)
)
e
iq
~c
F (x,t)φ(t|x) = −i~ e iq~cF (x,t) ∂
∂x
φ(t|x)). (40)
To calculate the square root on the left side of Eq. (40), let us write it as a power series:√
i~
∂
∂t
− qΦ′(x, t) =
∞∑
n=0
cn
(
i~
∂
∂t
− qΦ(x, t)
)n
. (41)
In order to visualize the resulting expression after the application of the operator (41) on φ′(x, t), first notice that for
n = 1 we have (
i~
∂
∂t
− qΦ′(x, t)
)
e
iq
~c
F (x,t)φ(t|x) = e iq~cF (x,t)
[
i~
∂
∂t
− q
(
Φ′(x, t) + 1/c
∂F
∂t
)]
φ(t|x). (42)
By inspecting Eq. (42), we notice that for n = 2 the second application results in
(
i~
∂
∂t
− qΦ′(x, t)
)2
e
iq
~c
F (x,t)φ(t|x) = e iq~cF (x,t)
[
i~
∂
∂t
− q
(
Φ′(x, t) + 1/c
∂F
∂t
)]2
φ(t|x). (43)
Therefore, applying n times we readily visualize that(
i~
∂
∂t
− qΦ′(x, t)
)n
e
iq
~c
F (x,t)φ(t|x) = e iq~cF (x,t)
[
i~
∂
∂t
− q
(
Φ′(x, t) + 1/c
∂F
∂t
)]n
φ(t|x). (44)
8As a consequence, the square root operator in (41) when applied to φ′(x, t) can be written as
√
i~
∂
∂t
− qΦ′(x, t)e iq~cF (x,t)φ(x, t) = e iq~cF (x,t)
√
i~
∂
∂t
− q
(
Φ′(x, t) + 1/c
∂f
∂t
)
φ(x, t). (45)
By substituting this result back into (40), we obtain
e
iq
~c
F (x,t)σˆz
√
2m
[
i~
∂
∂t
− q
(
Φ′(x, t) + 1/c
∂F
∂t
)]
φ(t|x) + q
c
(
A′(x, t) − ∂
∂x
F (x, t)
)
e
iq
~c
F (x,t)φ(t|x) =
= −i~e iq~cF (x,t) ∂
∂x
φ(t|x). (46)
Finally, by cancelling the exponential factor in both sides of Eq. (46), and using the gauge transformations (37), we
have
σˆz
√
2m
(
i~
∂
∂t
− qΦ(x, t)
)
φ(t|x) + q
c
A(x, t)φ(t|x) = −i~ ∂
∂x
φ(t|x). (47)
Eq. (47) concludes our proof that the SC equation is gauge invariant.
III. CONCLUSION
The asymmetry between space and time in traditional QM has been mostly attributed to the lack of Lorentz
covariance of the theory. Therefore, it is commonly argued that the only way to remove this asymmetric nature is
exclusively through a relativistic approach. Nevertheless, the results of the recent work of Ref. [25], which formulates
a STS theory that is further developed here, show that this argument is not completely true. In fact, it is possible
to construct a quantum theory, without requiring Lorentz covariance, in which space and time develops a much more
symmetric role.
The STS formalism proposes that the traditional nonrelativistic QM is part of a broader theory in which an
additional Hilbert space is composed of SC states |φ(x)〉 where position is a parameter and time is an operator. In
this SC description, the dynamic of |φ(x)〉 is dictated by a equation that governs its space evolution. Here we present
the quantization rules for the STS formalism by using the Hamilton-Jacobi equation, as well as their symmetries with
the Scho¨dinger quantum theory. Moreover, a relevant connection between the Hamilton-Jacobi formalism and the QM
equations, including the space-conditional QM, is revealed. Then we derive the general solution for the SC equation for
time-independent potentials, and by inspecting the Scho¨dinger solution for space-independent potentials, we verified
that both situations are connected via the transformation (t,H) ⇒ (x,−P ). In the next section, a Lagrangian for
the SC equation is obtained and, as expected, we also linked it with the Lagrangian of the Scho¨dinger equation via
(t,H)⇒ (x,−P ). Finally, we present the SC equation for a particle under the effect of the electromagnetic field, and
the gauge invariance of the STS formalism is proved, as it should be.
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